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Abstract 

We show that the cosmological constant appears as a Lagrange multiplier if nature 
is described by a canonical noncommutative spacetime. It is thus an arbitrary param- 
eter unrelated to the action and thus to vacuum fluctuations. The noncommutative 
algebra restricts general coordinate transformations to four-volume preserving non- 
commutative coordinate transformations. The noncommutative gravitational action is 
thus an unimodular noncommutative gravity. We show that spacetime noncommuta- 
tivity provides a very natural justification to an unimodular gravity solution to the 
cosmological problem. We obtain the right order of magnitude for the critical energy 
density of the universe if we assume that the scale for spacetime noncommutativity is 
the Planck scale. 
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There are strong observational evidences that the universe is dominated by dark energy 
which accounts for roughly 70% of its energy. A natural candidate for dark energy is a 
cosmological constant. However, from a high energy theorist point of view, see e.g. [1] for a 
review, it is difficult to understand why this constant is so small and not of the order of the 
fourth power of the TeV scale or maybe even of the forth power of the Planck scale. The 
scale depends on assumptions on what kind of physics lies ahead of the standard model of 
particle physics. A naive, maybe too naive, estimate of the contribution to the cosmological 
constant of quantum fluctuations of the fields of the standard model yields a result which is 
off by easily 100 orders of magnitude from the value observed in nature. The cosmological 
problem can actually be viewed as two problems. The first one is why is the cosmological 
constant not of the order of the Planck scale. The second one is why is it small and not 
vanishing. There are many attempts to resolve these issues [1], however none of them is 
really satisfactory. 

In this work we shall reconsider an old approach to the cosmological constant problem 
based on unimodular gravity [1-8]. Because unimodular gravity arises from an ad hoc 
restriction of general coordinate transformations to those preserving the four-volume, i.e. 
the determinant of the metric to be constant, it does not solve the cosmological constant 
problem, but nevertheless it allows to rephrase the problem since in that framework the 
cosmological constant appears as a Lagrange multiplier and is arbitrary, i.e. independent of 
the parameters of the action and in particular of the vacuum expectation values of the scalar 
fields of the particle physics sector of the model. However, we shall argue that unimodular 
gravity is not a choice if spacetime is noncommutative. In that case we find solutions to the 
cosmological constant problems which imply a relation between very short distance physics, 
potentially the Planck length, and the cosmological constant i.e. the size of the universe. 
The solution to the first problem comes from the fact that on a noncommutative spacetime, 
the cosmological constant is arbitrary as it appears as a Lagrange multiplier and is thus 
independent of the parameters of the action. This is a rigorous result and a consequence 
of a noncommutative spacetime. The solution to the second problem is similar to the one 
proposed in [9-13] but motivated by arguments coming from noncommtutative geometry. 
However, it is based on quantum gravity arguments and is therefore not as rigorous as the 
solution to the first problem. 

There are many indications coming from thought experiments which are trying to unify 
General Relativity and Quantum Mechanics that spacetime may be discrete rather than 
continuous [14-16]. It has recently been shown [17,18] that no macroscopic experiment can 
be sensitive to discreteness of position on scales less than the Planck length. Any device 
subject to classical General Relativity, Quantum Mechanics and causality capable of such 
resolution would be so massive that it would have already collapsed into a black hole. 
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A way to implement the notion of a minimal length in quantum field theory and in 
classical General Relativity is to consider these theories on a canonical noncommutative 
spacetime. Positing a noncommutative relation between e.g. x and y implies AxAy > I 2 . 
This also implies that a spacetime volume is quantized AV > Z 4 , e.g. the area in the 2d 
Euclidean space cannot be smaller than I 2 or (Ax) 2 + (Ay) 2 > I 2 which is the Euclidean 
distance, or "radius" of the area. 

In this letter we propose a solution to the cosmological problem based on an unimodular 
theory of gravity. As recently shown [19], the only general coordinate transformations 
that leave the canonical noncommutative algebra invariant 

{x^x u ]=i6^, (1) 

where 9^ v is constant and antisymmetric, are of the form: ^(x) = 9^ v d v f(x). We now give 
a proof of this result. The commutator ([TJ explicitly violates general coordinate covariance 
since 9^ u is constant in all reference frames. However, we can identify a subclass of general 
coordinate transformations, 

= + (2) 

which leave the algebra (JJJ invariant. Under the change of coordinates (J2J) the commutator 
([TJ transforms as: 

[x^',x u '} = Wx 1 " -x v 'x* =i6^ + + + 0(i 2 ). (3) 

Requiring that 9^ v remains constant yields the following partial differential equations: 

e^ a d a c(x) = e^d^(x). (4) 

The most general solution to these partial differential equations can be easily found: 

^(x) = 9^dj(x), (5) 

where f(x) is an arbitrary field. The Jacobian of these restricted coordinate transformations 
is equal to one. This implies that the four-volume element is invariant: d A x' = d A x. These 
noncommutative transformations correspond to volume preserving diffeomorphisms which 
preserve the noncommutative algebra. Volume-preserving transformations have been pre- 
viously discussed in [20,21] in different physical frameworks. A canonical noncommutative 
spacetime thus restricts general coordinate transformations to volume preserving coordinate 
transformations. These transformations are the only coordinate transformations that leave 
the canonical noncommutative algebra invariant. They form a subgroup of the unimodular 
transformations of a classical spacetime. The relation (0) nevertheless does not introduce 
further relations between the ^(x) and there are thus three independent transformations 
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and no further constraint on the metric besides having a constant determinant. It is inter- 
esting to study the limit 9^ u — > 0, in that case the constraint (Q) disappears and general 
coordinate transformations can be considered. This seems like a triviality but it will have 
some importance when it comes to formulate an action for gravity on a noncommutative 
spacetime. 

The version of General Relativity based on volume-preserving diffeomorphism is known 
as the unimodular theory of gravitation [2] (see [3-8] for more recent works on unimodular 
gravity). Unimodular gravity here appears as a direct consequence of spacetime noncom- 
mutativity defined by a constant antisymmetric 0^ v . One way to formulate gravity on a 
noncommutative spacetime has been presented in [19]. Our approach might not be unique, 
but if the noncommutative model is reasonable, it must have a limit in which one recovers 
usual general relativity in the limit in which 0^ v goes to zero. For small Q^ v we thus expect 

Snc = I d 4 x^gR(gn + 0(9), (6) 

where R(g tiU ) is the usual Ricci scalar and g is the determinant of the metric. If we restrict 
ourselves to the transformations (0), the determinant of the metric is always equal to minus 
one, the term v / — g in the action is thus trivial. However, as mentioned previously, we recover 
full general coordinate invariance in the limit 6^ u to zero and it is thus important to write 
this term explicitly to study the symmetries of the action. In order to obtain the equations 
of motion corresponding to this action, we need to consider variations of (jOJ that preserve 
g = detg^ = —1, i.e. not all the components of g^ are independent. One thus introduces 
a new variable [7,8] g^ u = g^g^ v , which has explicitly a determinant equal to one. 

The equations of motion are: 

W v - \g» v R = -8ttG(T^ - ^ U T\) + O(0). (7) 

These equations do not involve a cosmological constant and the contribution of vacuum fluc- 
tuations automatically cancel on the right-hand side of eq.flJJ). Spacetime noncommutativity 
because it imposes an unimodular theory of gravity thus provides a mechanism to cancel the 
vacuum fluctuation contributions to the cosmological constant. It can be shown that the 
differential equations (JJJ) imply 

BT - \g^ v R - ^ v = StvGT^ - O(0), (8) 

i.e. Einstein's equations [22] of General Relativity with a cosmological constant A that 
appears as an integration constant and is thus uncorrelated to any of the parameters of the 
action (JBJ). To derive eq.© from eq.© one needs to impose energy conservation and the 
Bianchi identities. Because any solution of Einstein's equations with a cosmological constant 
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can, at least over any topologically R 4 open subset of spacetime, be written in a coordinate 
system with g — — 1, the physical content of unimodular gravity is identical at the classical 
level to that of Einstein's gravity with some cosmological constant [8]. 

As stressed by Weinberg [1], unimodular gravity on a commutative spacetime does not 
represent a solution to the cosmological constant problem, since it is a matter of choice to fix 
detg^ = — 1. On a noncommutative spacetime, this is not a choice anymore, the symmetries 
of the noncommutative algebra restrict the symmetries of the gravitational action to uni- 
modular coordinate transformations. This noncommutative algebra excludes any connection 
between the cosmological constant and the parameters of the action and in particular the 
Planck scale. The cosmological constant is an arbitrary parameter and can thus naturally 
have any value and it is not fixed by any of the scales appearing in the matter action. 

The connection between the cosmological constant and spacetime noncommutativity re- 
lies on the symmetries of the classical noncommutative gravitational action. In the sequel 
we shall give an estimate of the value of the cosmological constant on a noncommutative 
spacetime. We shall make use of arguments based on quantum unimodular gravity. These 
arguments are thus less rigorous than in the first part of the paper. 

We now come to the second cosmological problem and rephrase the arguments developed 
in [9-13] within the framework of noncommutative gravity. It has been shown that the 
quantization of an unimodular gravity action proposed by Henneaux and Teitelboim [7], 
which is an extension of the action defined in eq. ©, leads to an uncertainty relation between 
the fluctuations of the volume V and those of the cosmological constant A: 5V5A ~ 1 using 
natural units, i.e. h = l p = c = m p = 1. Now if spacetime is quantized, as it is the 
case for noncommuting coordinates, we expect the number of cells of spacetime to fluctuate 
according to a Poisson distribution, 5N ~ x/iV, where N is the number of cells. This is 
however obviously an assumption which could only be justified by a complete understanding 
of noncommutative quantum gravity. It is then natural to assume that the volume fluctuates 
with the number of spacetime cells 5V = 5N. One finds 5V ~ \/V and thus A ~ i.e., we 
recover the result discussed in [9-11]: A ~ or in other words the cosmological constant 
of a noncommutative spacetime contributes to an energy density p 

P ~ ~5T ~ H o = ^critical' ( 9 ) 

which is of the order of the critical energy density observed in nature. Since the effects of 
spacetime noncommutativity are assumed to be weak, we have the usual relation between 
the Hubble radius and the volume of spacetime. Here we assume that the scale for the 
quantization of spacetime is the Planck scale. Clearly the derivation of eq.® assumes 
that quantum fluctuations are important and a rigorous derivation would probably require a 
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nonperturbative calculation. It is however remarkable to obtain the right order of magnitude 
based on simple arguments motivated by a quantized spacetime. A crucial assumption made 
in [9-11] as well is that the value of cosmological constant fluctuates around zero. This was 
made plausible by Baum [23] and Hawking [24] using an Euclidean formulation of quantum 
gravity. From our point of view this is the weakest point of the proposal developed in [9-11] 
and classical, i.e. non-quantized, noncommutative gravity has nothing new to add to this 
question. 

The phenomenology of the relation © has been discussed in [11] where it is made plau- 
sible that it is phenomenologically viable. We have nothing new to add to this discussion 
either. It is however remarkable that a noncommutative spacetime provides a justification 
both for an arbitrary cosmological constant and for a quantized volume as well. 

If nature is described by a canonical noncommutative spacetime, the only coordinate 
transformations compatible with the noncommutative algebra are four-volume preserving 
coordinate transformations. In that case, the cosmological constant is an arbitrary integra- 
tion parameter and it is thus not related to a physical scale of the action. This solves the first 
cosmological constant problem. More phenomenological arguments, well motivated by space- 
time noncommutativity, lead to an estimate of today's value of the cosmological constant 
which agrees in order of magnitude with current fits to the astronomical data. This may be 
a hint that quantum noncommutative gravity provides a solution to the second cosmological 
constant problem. It is quite remarkable to find a relation between the cosmological constant 
i.e. dark energy and spacetime noncommutativity. On a noncommutative spacetime, the 
size and evolution of the universe are intimately related to Planck scale physics. 
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